
C U R V I L I ' N E A R  M O T I O N  O F  A N  E L L I P S O I D A L  B U B B L E  

A .  G .  P e t r o v  

The Lag range  equat ions  a re  u sed  to inves t iga te  the c u r v i l i n e a r  mot ion  of an e l l ipso ida l  
bubble.  At a smal l  inc l inat ion of the m i n o r  axis of  the e l l ipsoid  to the ve r t i ca l ,  the e l -  
l ipso id  begins  to osc i l la te  about the equ i l ib r ium pos i t ion  and i ts  t r a j e c t o r y  begins  to 
swing.  Analyt ic  e x p r e s s i o n s  a r e  p r e s e n t e d  for  the osc i l la t ion  f r equency  and fo r  the r a t io  
of the swing ampli tude to the ampli tude of  the osc i l l a t ions  of the e l l ipsoid .  I t  is  a s s u m e d  
that  the bubble has  the f o r m  of an axial ly  s y m m e t r i c a l  e l l ipsoid  [1]. 

Let  a C a r t e s i a n  coord ina te  s y s t e m  whose  axes xl, x2, and x 3 a re  d i r e c t e d  pa ra l l e l  to  the p r inc ipa l  
axes  of  the e l l ipsoid  be connec ted  with an immobi l e  coord ina te  s y s t e m  Yl, Y2, and Y3 by the r e l a t ion  

xi = A~jy~; All = cos(I), Ax~ = sinq), Axa = 0 

A~I = --sinq~ cos0, A22 = cos q~ cos0, A~3 = sin0 

As1 = sin q~cos0, A3.. = --cosqD sin0, A33 = cos0 
(1) 

Summat ion  o v e r  r e p e a t e d  indices  is a s s u m e d  throughout ;  Aij is an o r thogona l  ma t r ix ,  0 is the Eu le r  
angle between the axes x 3 and Y3, and ~ is the angle between the line of nodes and the Yi axis .  By v i r tue  of 
the s y m m e t r y  of  the e l l ipsoid  with r e s p e c t  to the x 3 axis ,  it can  be a s s u m e d  that  the x 1 axis l ies  in the 
ho r i zon ta l  plane YiY2 and co inc ides  with the l ine of nodes .  

Let  yi" and x i" be the componen t s  of the ve loc i ty  of the c e n t e r  of the e l l ipso id  in the immob i l e  and 
mobi le  coord ina te  s y s t e m s ,  r e s p e c t i v e l y .  Knowing the Eu le r  angle,  we can e x p r e s s  xi~ t e r m s  of y i .and 
conve r se ly ,  

x (  = A i j g / ,  y (  = Ajix.( (2) 

Since the m o m e n t  of ine r t i a  of the e l l ipsoid  about the x 3 axis is equal to ze ro ,  it can  be a s s u m e d  that  
the angu l a r -ve loc i t y  v e c t o r  is pe rpend i cu l a r  to the x 3 axis .  The squa re  of the angular  ve loc i ty  is equal to 
0.2 + sin20 q~ .  The kinet ic  e n e r g y  T of  the l iquid in which the ro ta t ing  and de fo rming  e l l ipsoid  m o v e s  is 
equal  to  [1, 2] 

T = To + T1, 2T1 = Xixi "~ -b Iq yz sin ~ 0, 2T0 = I0  "2 + L,a"  

4~p 13 t - - y B  ~3 4np 13 yB 
~J. = ~'2 = ~ i Jr  y U  ' = - - 3 - -  i - -  y B  (3) 

] = 4991 s (3yB -- i )]  

i5 (ay) % [2 -- (3yB - -  l) (i -~ 2a~)] 

B = i - - a a r c c t g a ~  y = i + a  ~, a / ~ i + a 2 = l a / l l  

Here  l 3 and l t a re  the lengths  of the m i n o r  and m a j o r  axes of the e l l ipsoid,  l is the rad ius  of  the 
sphe re  with equivalent  volume (l 3 = 112/3), and I a a  2 is that  p a r t  of the kinet ic  e n e r g y  which  is due to the 
de fo rma t ion  of the bubble.  An analyt ic  e x p r e s s i o n  for  I s was  de r ived  e a r l i e r  [1]. 

I f  we choose  as the s y s t e m  of ge ne ra l i z ed  coord ina t e s  qi = Yi, q4 = 0, q5 = q~, q6 = ~,  then the mot ion  
of the e l l ipsoidal  bubble will  be d e s c r i b e d  by the fol lowing s y s t e m  of equat ions  [1]: 
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O__L_L _ O__L_L = 4:t p13g63 ~ 1 aE 
dt Oqi" Oq~ 3 2 Oqi" 

1, i = 3 (4) 
L = T o + T i - - ~ S ,  83i=  0, i5t=3 

y'/, ,' ~ t + V~ ] S = 2~l* ~ [t  + - - ~ -  In ~ _ (i = t, 2 . . . .  6) 

2Ti = k l y ( y (  + (~3 - -  ~i) A31Aaly(Y~" + lop TM sinZ 0 

E = E i y i ' y  i" + (Ea - -  El) A31A31y(yI" + Ea (0 "~ + op-2 sin 2 0) + Eaa "~ 

( i , / =  t , 2 ,  3) 

H e r e  E i s  the  e n e r g y  d i s s i p a t i o n ,  which  in  the  c a s e  of l a r g e  Reyno lds  n u m b e r s  R i s  c a l c u l a t e d  in  
t e r m s  of the v e l o c i t y - f i e l d  po ten t i a l  [1]. 

The  s t a t i o n a r y  so lu t i on  of equa t ions  (4), c o r r e s p o n d i n g  to  a v e r t i c a l  r i s e  of the  bubble  wi th  c o n s t a n t  
v e l o c i t y  (yl, y~, ~,  go a r e  equa l  to  z e r o ,  a = ~0) was  ob ta ined  e a r l i e r  [1]. 

At  a s m a l l  d e v i a t i o n  of  the  g e n e r a l i z e d  c o o r d i n a t e s  f r o m  t h e i r  e q u i l i b r i u m  v a l u e s ,  d a m p e d  o s c i l l a -  
t i o n s  wi l l  t ake  p l a c e .  

E s t i m a t e s  show tha t ,  in o r d e r  of m a g n i t u d e ,  the  damping  t i m e  e x c e e d s  the  p e r i o d  of  the  o s c i l l a t i o n s  
by  R t i m e s .  T h e r e f o r e ,  the  p r o c e s s e s  o c c u r r i n g  in t i m e s  much  s h o r t e r  than  the  d a m p i n g  t i m e  can  be d e -  
s c r i b e d  by  the  L a g r a n g e  equa t ion  wi thout  a l lowance  fo r  the  v i s c o u s  t e r m s  

d OL OL 
= o (5) 

dt Oq i" Oq i 

The f i r s t  fou r  c o o r d i n a t e s  a r e  c y c l i c ,  as  a r e s u l t  of which  we have  the  a n g u l a r - m o m e n t u m  c o n s e r v a -  
t ion  l aw and t h r e e  m o m e n t u m  c o n s e r v a t i o n  l a w s  

Iop" sin~0 = M, ~iy~" -~ (L3 - -  LI) A3~ A3#[  = Pl (6) 

The  i m m o b i l e  s y s t e m  of c o o r d i n a t e s  can  a lways  be c h o s e n  such  tha t  the m o m e n t u m  v e c t o r  P is  
d i r e c t e d  a long the Y3 ax i s ,  so tha t  we can  put  P i  = P53i.  Solving the  s y s t e m  (6) wi th  r e s p e c t  to y~ and go', 
we obta in  

Yl" = p (~'3 - I  - -  ~1-1) sinop sin0 cos0, //2" : p ( ~3 -1 - -  ~1-1) COSOP sin0 cos0 

Ya" = P (~3 -1 c os20 + ~i -1 sin20), op" ~- M / ( I  sin20) (7) 

Given  P and M, the  s y s t e m  (5) i s  equ iva l en t  to a d y n a m i c  s y s t e m  with  k ine t i c  e n e r g y  T o and po t en t i a l  
e n e r g y  V equal  to 

V = a S  q- i/2 (PiYi" q- Mop') = ( r S  + l~ 2 p2 (La-i cos20 _~ Ll-1 sin20) q_ M 2 (2isin~0)-I 
(8) 

Thus ,  the equa t ions  of m o t i o n  a r e  

d 'OTo OV d OTo 0 
dt Off -~ ' - -  ~ ' dt Oa" = ~ (T~ - V)  (9)  

At  s m a l l  d e v i a t i o n s  of 0 and a f r o m  t h e i r  e q u i l i b r i u m  v a l u e s ,  Eqs .  (7) and (9) b e c o m e  l i n e a r i z e d  

Yi" : P0 (~3 -1 - -  Li -i) s.in op, Y2" = P0 (La - i  - -  Li -i) cos op 
M ~ p~  

Y 3 " = P L a  -1, qr 2 = M ,  I 0 " = ~ - -  (Li - l - ~ s  -i) O, 

X ~ O r  0 ( P . M s 
o~ ~S + ~ +-~-~) 

(io) 

The  r a t e  of r i s e  of the  bubble  u = y~ i s  d e t e r m i n e d  f rom the b a l a n c e  be tw e e n  the A r c h i m e d e s  f o r c e  
and the v i s c o u s - r e s i s t a n c e  f o r c e .  The  l a s t  equa t ion  of (10) d e t e r m i n e s  the  d e v i a t i o n  of  the  d e g r e e  of d e -  
f o r m a t i o n  f r o m  the e q u i l i b r i u m  va lue .  The  c o r r e s p o n d i n g  f o r m u l a s  fo r  the  d e f o r m a t i o n  f r e q u e n c y  ~2~ w e r e  
ob t a ined  e a r l i e r  [1]. At  M = 0, the  next  to the  l a s t  equa t ion  in (10) shows  tha t  0 o s c i l l a t e s  at  a f r equency  
120 . S ince  go'= 0 in t h i s  c a s e ,  the b u b b l e - m o t i o n  t r a j e c t o r y  i s  a p lane  c u r v e ,  and i t  c an  be a s s u m e d  tha t  
go = 0. Thus ,  equa t ions  (10) have  the  fo l lowing so lu t ion :  
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O.8 

o a ~, 

Fig. I 

a - - a o  = ha c o s ( ~ t q - 7 ) ,  0 = 0 osin(~2et) 

g2 = lOoY cos (Qot), gl = 0  

(~,3-- ~1) ~a (~,8 -- ~1) I (11) 

It follows from (11) that the horizontal  displacement of the center  
of the ellipsoid Y2 leads in phase, by ~ / 2 ,  the inclination angle of the 
minor  axis of the ellipsoid. If M ~ 0, then there exists a solution of (10) 
at which 0 �9 = 0 and c~" = 0, the ellipsoid moving along a helical line with 
amplitude lO 0 Y and rotation frequency ~2 0 . 

The motion of a solid in an unbounded ideal incompressible  liquid 
was investigated by many scientists ,  including Chaplygin, Lyapunov, 
Kirchhoff, Clebsch, and others .  Formulas  (5~)-(10) agree with the c o r r e -  
sponding results  given in the monographs [2-4]. 

The diagram shows plots of the functions • = l 3 / l  1, u/u0, ~2~/~20 against the dimensionless radius 
of the equivalent-volume sphere ~ = l / l  o. At a small degree of deformation, X - 1 << 1, the corresponding 
functions take the form 

~5 u ~ ~2~ 2 ] / 5  fl0 2 ~7 

~5/~ 6~ ~ ~ g  uo 
Y =  2880]/'7 ' lo 5 = - ,  uo 5 = - ,  ~ 0 = - -  pg~ p~'v I0 

It is seen from the figure that the rate of r i se  of the bubble has at the point ~ = 3.84 a maximum 
equal to 0.6005, and the frequencies ~ and ~0 coincide in order  of magnitude with the frequency of the 
capi l lary oscillations of a sphere of radius l .  The function Y(~) increases  rapidly with increasing dimen-  
sion of the bubble and, therefore ,  for a large bubble relat ively small  deviations of the ellipsoid axis f rom 
the vert ical  cause large horizontal  displacements of the center  of the ellipsoid. 

It should be noted that the resul ts  are valid at a large Reynolds number and, on the other hand, the 
degree of deformation of the ellipsoid X should not exceed approximately five, for otherwise the approxima-  
tion of the potential f low-around is not valid [5]. The dimensionless radius of the bubble must  therefore  
satisfy the following conditions: 

I G3 ~]~T: u 
~ 1  o~7~1, ~ 8  

1, 

2. 

3. 
4. 
5. 
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